In this paper, we present a reliable modification of the Adomian decomposition method for solving higher-order singular boundary value problems. He's polynomials are also used to overcome the complex and difficult calculation of Adomian polynomials occurring in the application of the Adomian decomposition method. Numerical examples are given to illustrate the accuracy and efficiency of the presented method, revealing its reliability and applicability in handling the problems with singular nature.
Introduction
The Adomian decomposition method (ADM) is one of the powerful and reliable methods for solving various kinds of problems arising in applied sciences, linear and nonlinear as well. This method, which accurately computes the series solution, is of great interest to applied sciences [1, 2] . The method provides the solution in a rapidly convergent series solution, if the equation has a unique solution, and it has been successfully applied to a wide class of problems arising in applied sciences, see [1 -6] , and the references therein. The convergence of the decomposition series have been investigated by several authors [7 -9] . In recent years, the Adomian method has been modified so as to solve boundary value problems with singular nature by several authors [10 -13] . The difficulty of those singular problems is due to the singularity behaviour that occurs at the point x = 0.
In this paper we introduce a new reliable modification of the ADM to overcome the singularity difficulty for higher-order boundary value problems. He's polynomials with the homotopy perturbation method (HPM) are also used to overcome the complex and difficult calculation of Adomian polynomials occurring in the application of the Adomian decom-0932-0784 / 10 / 1200-1093 $ 06.00 c 2010 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com position method, demonstrating that He's polynomials can completely replace Adomian's polynomials. The HPM, first proposed by He in 1998, was developed and improved by He in [14 -16] . This method is a novel and effective method [17 -19] , and has been successfully applied to solve many types of problems. For a comprehensive survey on the method, new interpretation, and its applications, the reader is referred to [17, 18] . Several numerical examples will be considered to illustrate that the proposed framework is well suited to attain an accurate solution to the higher-order singular boundary value problems, revealing its reliability and applicability.
Modified Adomian Decomposition Method
Consider the singular boundary value problem of (n + 1)-order ordinary differential equation in the form
where N is a nonlinear differential operator of order less than n, g(x) is a given function, a 0 , a 1 ,...,a r−1 , c 0 , c 1 ,... ,c n−r , b are given constants, where m ≤ r ≤ n, r ≥ 1. We first rewrite (1) in the form
or equivalently,
Equation (4) can be written in the operator form
where the differential operator L employs the first two derivatives
in order to overcome the singularity behaviour at x = 0. In view of (6) and (7), the inverse operators L −1
and L

−1
2 are the integral operators defined by
By applying L −1 2 on (5), we have
such that
By applying L −1 1 on (10), we have
The Adomian decomposition method introduces the solution y(x) and the nonlinear function Ny by infinite series
and
where the Adomian polynomials A n are defined as
The components y n (x) of the solution y(x) will be determined recurrently, and Adomian polynomials can be constructed for various classes of nonlinearity according to specific algorithms presented in [6] and [20] .
Substituting (14) and (15) into (12) gives
Identifying
, the Adomian method admits the use of the recursive relation
which gives
This will lead to the complete determination of the components y n (x) of y(x). The series solution of y(x) defined by (14) follows immediately. For numerical purposes, the n-term approximant (20) can be used to approximate the exact solution.
Numerical Examples
Example 1. Consider the nonlinear boundary value problem
We define
so that
After multiplying (21) by x 2 , in an operator form, it becomes
Applying L
−1
1 on both sides of (25) we find
Using the decomposition series for the linear function y(x) and the polynomial series for the nonlinear term y 5 , we obtain
This gives the recursive relationship
The Adomian polynomials for the nonlinear term y 5 are computed as follows: 
The solution in a series form is thus approximately given by
which is in good agreement with the Taylor series of the exact solution y(
given by
For the above and later computations, the Maple package was used and the digits environment variable was set to 20 as the number of digits that Maple uses when calculating with software floating-point numbers. The results rounded off to seven decimal places are presented for the sake of simplicity. Example 2. Consider the nonlinear boundary value problem
where
In an operator form, (34) becomes
We find that
Applying
1 on both sides of (41), we find after imposing the given boundary conditions
which is the exact solution of the problem (34) and (35).
Example 3. Consider the nonlinear boundary value problem
where g(x) = 24e x + 36xe x + 12x 2 e x + x 3 e x − x 9 e 3x . We use the Taylor series of g(x) with order 10,
In an operator form, (44) becomes
1 on both sides of (51) and then incorporating the given boundary conditions, we find
Using the decomposition series for the linear function y(x) and the polynomial series for the nonlinear term y 3 , we obtain
The Adomian polynomials for the nonlinear term y 3 are computed as follows: (62)
In an operator form, (60) then becomes
Applying L −1 2 on both sides of (67) and then incorporating given boundary conditions, (60) becomes
Since L −1
on both sides of (68) with given boundary conditions yields
Proceeding as before, we have the recursive relationship 
We thus obtain an approximate solution given by
which is in well agreement with Taylor series of the exact solution y(x) = x 2 e x given by 
Homotopy Perturbation Method with He's Polynomials
It should be noted that the calculation of Adomian's polynomials to deal with the nonlinear terms in Example 1, Example 3, and Example 4 is complex and difficult. This aspect is the demerit of the application of Adomian's decomposition method, though this method has been proved to be more powerful and efficient than some existing methods [21] . This difficulty may be easily overcome without using Adomian's polynomials when the so-called He's polynomials are used to solve the problem. We illustrate this in this section by revisiting and solving Example 1 and Example 3 by the homotopy perturbation method (HPM) with He's polynomials [22 -24] .
Revisited Example 1.
Consider the nonlinear boundary value problem
With equation (26), we construct the following homotopy:
is defined by (24) . According to He's homotopy perturbation method [14, 15] , we assume that the solution of (79) is
When p → 1, (80) becomes the approximate solution of (77) and (78), i. e.,
is the exact solution of (77) and (78). The convergence of the series in (81) to the exact solution is discussed by He in [14, 15] . The nonlinear term N(y) can be expressed in the form
where H(y 0 , ··· , y n ) is called He's polynomial [22] defined by
Substituting (80) and (82) into (79), and collecting the coefficients of like powers of p, we have Consider the nonlinear boundary value problem
where g(x) = 24e x + 36xe x + 12x 2 e x + x 3 e x − x 9 e 3x . With equation (52), we construct the following homotopy: We assume that the solution of (88) is
The nonlinear term N(y) can be expressed in the form
where H(y 0 , ··· , y n ) is the He polynomial defined by (83).
Substituting (89) and (90) into (88), and collecting the coefficients of like powers of p, we have
from which we have simultaneously the approximate solution to (86) and (87) given in (58) and He's polynomials H(y 0 ) = y He's polynomials were used in the above examples to overcome the complex and difficult calculation of the Adomian polynomials in the Adomian decomposition method. We calculated He's polynomials and the solutions simultaneously, and observed that He's polynomials can completely replace Adomian's polynomials. This result reveals the applicability and efficiency of the homotopy perturbation method with higher-order singular boundary value problems.
Conclusion
In this paper, we present a reliable modification of the Adomian decomposition method to solve linear and nonlinear problems with singular feature. It is demonstrated that the presented approach can be well suited to attain an accurate solution to the higher-order singular boundary value problems, linear and nonlinear as well. The difficulty of those singular problems, due to the existence of the singular point at x = 0, is overcome in this contribution. He's polynomials are also used to overcome the complex and difficult calculation of Adomian's polynomials occurring in the application of Adomian's decomposition method, illustrating that He's polynomials can completely replace Adomian's polynomials. The other types of differential equations with singular feature can also be similarly handled by the proposed approach.
